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Abstract 

A virus is a local configuration that prevents a graph 
(digraph) from possessing a given property P. The virus 
notion finds application in the random generation of graphs 
( digraphs) without certain properties, and also in the approx­
imate resolution of NP-complete decision problems whose co­
problem is NP-complete. This paper presents the concepts of 
family of virus and saturated virus in graphs and digraphs. 
A survey of results in connection with these notions is given. 
The paper aims at demonstrating the relevance of the sur~ 
veyed results in the solution of the two problems mentioned 
above. Finally, sorne open problems on virus theory and their 
relation with NP-complete decision problems in graph theory 
are presented. 
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1 Inirod uction 

Losavio, Marquez, Meza and Ordaz (1990) introduced, informally, 
the notions of germ and virus in the context of random generation of 
graphs. Given a property P, defined for graphs of all orders, a germ 
for Pis a structure that, if present in a graph G, guarantees that G 
will posses P. A virus for P, on the other hand, is a structure whose 
presence in G implies that G does not have P. 

A formal definition is introduced in [2]. In that paper, a virus is 
a structure composed of a graph H and a function f defined on a 
part T of its vertex set, with values in Z. The virus H is present in 
a graph G, if G contains a proper induced subgraph fi, isomorphic 
to H, such that, for all x E T, 

dG(x)- d¡¡(x) = j(x), 

where dG(x) and d¡¡(x) denote the degree of vertex x in the graphs 
G and fi, respectively. This notion, besides being applicable to 
the random generation problem mentioned above, can be of use in 
the exactor approximate solution of decision problems associated to 
graphs and digraphs. 

In order to clarify the applicability of the virus notion, consider 
first that we wish to randomly generate a graph G within the family 
of those graphs of a given order n, that do not posses a given property 
P. If we have a family of viruses which characterize the absence of 
P, then we can randomly select a member H from the family of 
viruses for P among graphs of order n, and then, fi1l up the rest of 
G, by adding edges at random in G \ H, thus obtaining the desired 
graph. On the other hand assume that we wish to decide if a given 
graph G posesses property P. For certain important properties (as 
for instance, 'G is hamiltonian' or 'G has a perfect matching', such 
decision problems can be very hard to solve, the exact solutions 
sometimes requiring a computational effort more than polynomial on 
the order of the input graph. If a virus V for P is known, and if the 
presence or absence of V can be inexpensively determined (in terms 
of computational time), then an approximate solution to the problem 
can be given simply by checking the presence J absence of V in G. If V 
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is in G, then we know that G does not have P. If V Í- G, we can say 
that probably G has P. The validity of this probabilistic statement 
will depend on how dose the presence of V comes to characterize 
the absence of P, with respect to the uniform distribution on the 
family of graphs of a given order. We shall see below that, at least 
for sorne important properties, viruses of small order can be found, 
allowing an approximate solution to the decision problem stated, at 
a very low computational cost, and with asymptotic probability 1 of 
giving the right answer. 

In this paper we describe viruses by modifying slightly the role 
off; f is a mapping of V(H) into P(Z) \ 0, (here P(X) is the set 
of parts of X), and for all x E V(H), dG(x)- d¡¡(x) E f(x). 

In Subsection 1.1 we introduce several definitions (sorne of them 
new), relevant to the discussion to follow. In Section 2, results on the 
characterization of sorne important properties via families of viruses 
are given. Section 3 discusses the existence of viruses of small order 
which come close to characterizing certain properties, in the proba­
bilistic sense described above. Section 4 contains sorne final remarks 
and a list of open questions related to the notion of viruses. 

1.1 Termi:nology 

Let P be a property defined on all graphs or digraphs and let Z be 
the set of nonnegative integers. Let G = (V ( G), E( G)) be a graph, 
let D = (V(D),E(D)) be a digraph and I the set ofintervals [O,n] 
with n E Z. 

Definition 1 Let P be a property of a graph. We say that (H,!) 
where H is a graph and f : V ( H) ---+ I, is a virus family for P if 
every graph G containing a proper induced subgraph fi, isomorphic 
to H, such that, for all x E V(H), 

dG(x)- d¡¡(x) E f(x), 

does not ha ve properly P. 
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Definition 2 Let P be a property of a digraph. We say that (H, ¡+, ¡-) 
where H is a digraph and ¡+, ¡- : V(H) -+ I, is a virus family 
for P if every. digmph D containíng a proper induced subgraph fi, 
isomorphic to H, such that, for all x E V(H), 

di;(x)- dj¡(x) E ¡+(x) and d0(x)- dh(x) E ¡-(x) 

does not ha ve property P. 

Notice that a virus is a member of a family virus. The context 
will clarify whether the virus or virus family notion is used. 

Definition 3 Let ( H, f) be a virus for a property P. The action 
of adding an edge to H or replacing f(x) = [O, m(x)] by f(x) = 
[O,m(x) + 1] for some x E V(H) is defined as positively modi­
fied and the action of removing an edge to H or replacing f ( x) = 
[O,m(x)] by f(x) = [O,m(x) -1] for some x E V(H) is defined as 
negati.vely modified. 

In a similar way we define when a virus (H, ¡+, ¡-) for a property 
P associated to a digraph is positively and negatively modified. 

Graph properties are classified in two categories: 

Catego:ry A: those properties P for which if (H,!) is a virus 
for P and is positively modified then the new pair ( H\ jl) is not a 
virus for P. 

The properties: G is connected, D is strongly connected, G or D 
are hamiltonian and G has perfect matching belong to this category. 

Catego:ry B: are those for which if (H, f) is a virus for P and ís 
negatively modified then the new pair ( H 1 , jl) is not a virus for P. 

In this category we have the property: G is bipartite 

Definition 4 Let P be a property in category A. (H, f) is a sat­
urated virus for P, if the new pair ( H 1 , j1) · obtained by positively 
modifying (H,!) is not a virus for P. In case that P is in category 
B then the new pair (H1 , P) obtained by negatively modifying an 
(H,!) virus of P,is not virus for P. 
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Definition 5 Let P be a property. (H, f) is a minimal virus for 
P, ifthere is no a virus (H1,j1 ) for P with IV(H1 )1 < IV(H)I 

2 Viruses for sorne important proper­
ties 

In this section we present viruses which characterize the absence of 
certain important properties. These viruses have been studied in 
[2] and [5]. In this work they have been extended to indude the 
definition of virus family, presenting also the modifications required 
in order to include the saturated virus definition. Observe that the 
viruses for G is connected and D is strongly connected properties 
characterize these properties, in the sense that a graph or digraph 
has these properlies if and only if it does not have the viruses that 
will be described here for these properties. Nevertheless, the viruses 
presented here for G is bipartite, G has a perfect matching, G or D 
are hamiltonian do not characterize these properties. A characteri­
zation of graphs without perfect matching nor viruses is present in 
[5]. For G is bípartite and D is hamiltonian it shall be explained in 
what follows. 

Theo:rem 1 [5} (H, f) is a virus for the property P: G is connected 
if and only if for every vertex x E V ( H), f ( x) = {O} . M oreover, 
the viruses for property P: Gis connected characterize this property. 
Minimal viruses correspond to those in which H is connected. 

Theorem 2 [2] (H,j+,¡-) is a virus for the property P: D is 
strongly connected if and only if either Vx E V(H) J+(x) ={O} or 
¡-(x) = {0}. either Vx E V j+(x) ={O} or Vx E V ¡-(x) = {0}. 
M oreover, the viroses for the property P: D is strongly connected 
characterize this property. Minimal viroses correspond to those in 
which H is strongly connected. 
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The saturated viruses for property P: G is connecied are the 
pairs (H, f) with Ha completed graph and f ={O} on H and G. 

The saturated viruses for property P: D is strongly connected 
constituted by every pair (H, ¡+, ¡-) with H a complete graph and 
¡+ ={O} or ¡- = {O} on H. 

Rema:rk Sorne saturated viruses for the property P: Gis k-connected 
are made of a complete graph with at least k vertices, whit a nonempty 
part where f ={O} and f = Z on the complementary part. 

Sorne saturated viruses for the property P; G is k- edge con­
nected are made of a complete graph K with ¿; m(x) < k. 

xEK 

Theorem 3 [5] (H, f) is a virus for the properly P: G is biparlite 
if and only if H contains an odd cycle. Besides, the viruses do not 
characterize the properly and the non-biparlite, non virus containing 
graphs are the odd arder circuits. (H, f) is a minimal virus if and 
only if H is a cycle of arder three. 

The saturated virus for the property P: G is bipartite coincide 
with minimal virus for bipartite property. 

--+ ---+ 
Notice that the digraph ab, be, ac is not a circuit, and prevents 

bipartiteness. 

Theo:rem 4 [2] (H,!) is a virus for the property P: Gis hamilto­
nian if and only if for every set of disjoint maximal paths P1, · · · , Pr 
covering V(H) there exists a path Pj such that: if Pi consists of jusi 
one verlex {x}} then f(x}) = {0, 1} and if V(Pj) = {x], · · · ,xj(j)} 
then f(x}) = {O} or f(xq(j);) = {0}. 

The satured virus for property P: G is hamiltonian is formed 
by the virus (H, f) verifying the above Theorem and the new pair 
( H\ jl) obtaining by positively modifying ( H, f) is not a virus for 
the property P: G is hamiltonian. 

Sorne satured viruses are made of a stable S on s vertices, with 
f = {O} on S, anda complete graph ofless that s + 1 vertices, with 
f = Z, all connected to all vertices in S. 
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Figure 1: A non hamiltonian digraph without virus 

The Petersen virus correspond to a circuit on 6 vertices, with 
each of them having f = {0}, then 3 other vertices, each connected 
by two edges to two opposite vertices of the circuit. These 3 vertices 
have f = {0, 1}. 

Theo:rem 5 {2} ( H, ¡+, ¡-) is a virus for the property P: D is hamil­
tonian if and only if for every set af disjoint maximal paths P1 , · · · , Pr 
covering V ( H) there exists a path Pi consists of just one vertex { x]} 
then ¡+(x}) + ¡-(x]) E [0,1] and ifV(Pi) = {x}, .. ·,xj(j)} then 

¡-(x]) ={O} or j+(xj(j)) = {0}. 

Similarly, we can define the saturated virus for the property P: 
D is hamiltonian 

The digraph in figure 1 shows that there exist non hamiltonian 
digraphs without the virus described in the above theorem. 

Sorne saturated virus for the property P: D is hamiltonian are 
made of a stable S with s vertices where ¡+={O} and ¡- = Z, and 
a complete graph K with less than s vertices, where ¡+ = ¡- = Z 
and all ares between S and K in both directions. 

Theo:rem 6 Let H be graph. Then (H, f) is a virus for the property 
P: G has a perfect matching if and only if there exists S e V ( H) 
such that H- S has at least ¡s¡ + 1 odd connected components with 
any vertex x in these components having f(x) ={O} 

The graphs with maximal matching with only one vertex, not 
covered by this matching, do not have a perfect matching and do 



354 XXII Conferencia Latinoamericana de Infonnática 

not have virus, this graphs are odd order. At moment we have no 
knowledge even order graphs without perfect matching and without 
virus. 

The saturated virus for property P: G has a perfect matching is 
formed by the virus (H, f) verifying the above theorem and the new 
pair (H\ / 1 ) obtained by positively modifyíng (H,!) is not a virus 
the property P: G has a perfect matching. 

Sorne saturated viruses for property P: G has a perfect matching 
are made of a stable S on s vertices, with f = {O} on S, and a 
complete graph of less than s + 1 vertices, with f = Z, all connected 
to all vertices in S. 

3 Viruses of Small Order 

One can produce exan1ples that show that minimal virnses, as de­
fined above, are not necessarily of small order. In [2] the following 
"metaconjecture" 1s presented: For many important properties there 
exist viruses of small order in almost all ínstances in which the prop­
erty is not present. This is useful beca use the presence ( or absence) 
of a virus of order k inside a graph of order n can be detected by 
a procedure with an execution time bounded by O(nk+1), H k is a 
small number (say, less than or equal to 3) then, an almost surely 
correct answer to the question does G have property P? can be given 
with a procedure of low computational cost, Now we will show two 
examples in favor of this metaconjecture, 

In the following theorem it is shown that the viruses of order 
1 are present almost surely in the digraphs which are not strongly 
connected, 

Theorem 1 [2] Let D be a random digraph with uniform distribu­
tion over jV(D)I = n, and let A be the event: D has a vertex v such 
that d+(v) =O or d-(v) =O, Then 

Pr[A] 
Pr[D is not strongly connectedj 
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tends to 1 when n tends to infinity. 

An irnmediate consequence of the Theorem above is that, a very 
simple algorithm has asymptotic probability 1 of answering correctly 
the question is D strongly connected'?: simply verify if the event A 
of the Theorem occurs in our digraph D. If A occurs, answer that D 
is not strongly connected, otherwise answer that D is ( very likely) 
strongly connected. The computational complexity of this algorithm 
is O(n), provided that the degrees of the vertices of D are given. 

Among the viruses for the property P: G has a perfect matching 
the smallest is an isolated point. We say that G contains an for­
bidden structure for perfect matching of type (0;1) when G has an 
isolated vertex, and that G contains a forbidden structure for perfect 
matching of type (1;1,1) when G- { v} has two isolated vertices for 
sorne vertex v. 

The following Theorem explains the relative importance of these 
viruses in the absence of the perfect matching property. 

Theo:rem 8 [1} 
Let q0 = Pr{ G contains a forbidden strocture for perfect matching 

of type (O; 1)}, q1 = Pr{G contains a forbidden structure for perfect 
matching of type (1; 1, 1)} and q2 = Pr{G contains an forbidden 
strocture for perfect matching of a type different from (1; 1, 1) and 
(O; 1)}. Then, letting n be the arder ofthe random graph, 

Pr{ G has no perfect matching} 
_ _o__ ___ -=--=-----_;;_::_ ---+ 1, as n ---+ oo 

qo 

All the probabilities in the above theorem are taken with respect 
to the uniform distribution over the set of graphs with n vertices. 

As a consequence, the following algorithm has very low probabil­
ity of error even in the case of graphs with no perfect matching and 
no isolated vertices. 

Algorithm 
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For a given graph G with set of vertices V(G) 

"' Flag ;- False 

0 Iteration: For each v E V ( G) 

If v is an isolated vertex, Flag ;- True 

"' End Iteration 

(O Iteration: For each vE V(G) 

If G - { v} contains two isolated vertices, Flag ;- True 

~ End Iteration 

® If Flag = False, then exit:"The graph G contains (very likely) 
a perfect matching" 

t< If Flag= True, then exit:"The graph G has no perfect match­
ing". 

A 'naive' implementation of the Algorithm just given has com­
putational complexity O(n3 ). 

4 Conclusions 

The origin of virus theory concerns the requirements for computa­
tional environments [3],[4] for the assistance to researchers in graph 
theory, developed at the ISYS research e en ter of the Universidad 
Central de Venezuela. An important functionality of these systems 
is a tool for automatic pseudo-random generation of digraphs, im­
posing given conditions on graph properties, sorne of which forbid a 
certain property. 

Moreover, this theory can be also useful in the construction of algo­
rithms for NP-complete or polynomial problems, requiring a consid­
erable computational effort. 

Natural consequences of this research are the following problems : 

l. Construction of algorithms for identifying viruses for proper­
ties P: G has a perfect matching, P: G is hamiltonian. 



CLEI Panel 96 357 

2. There are graphs and digraphs without the virus defined here, 
such as P: D is hamiltonian or P: G has perfect matching. The iden­
tification or definition in such cases, of the element or "obstruction" 
forbidding the graph to have the required property is an open prob­
lem. An interesting issue is to find families of graphs and digraphs 
that do not possess the virus defined in this paper. For example the 
digraph that is not hamiltonian and does not possess the virus, is 
hypohamiltonian, that is to say a non-hamiltonian graph, but the 
digraph resulting eliminating any vertex is hamiltonian. 

3. Let G be a graph without a property P. We want G to have 
property P with minimal changes, such as adding or deleting ares. 
We could proceed identifying a virus for P present in G, performing 
minimal corrections to eradicate the virus. In a non connected graph 
with only two connected components and with a saturated virus, it 
is sufficient to connect both connected components. It is dear that 
the presence of graphs and digraphs without P and does not posses 
the vims as is mentioned in 2,has to be taken into account. 

4. Consider that for property P: G is hamiltonian and the prop­
erty P: D is hamiltonian, the absence of this property is related (in 
the sense of Erdos random graphs) to the presence of the smallest 
possible virus (with respect to the order of the induced subgraph). 
These considerations are useful to design aproxímate algorithms, 
with asymtotically zero error probability. 
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